We give a simple geometrical interpretation of classical W-transformations as deformations of constant energy surfaces by canonical transformations on a two-dimensional phase space. 
Introduction
The purpose of this letter is to give a simple and readable account of the geometric significance of classical W-transformations 1 (w-morphisms). We should first explain what is meant by a w-morphism from the strictly algebraic point of view.
W-algebras were first introduced in [2] , where it is shown, using the bootstrap method, that the extension of the Virasoro algebra by a field of spin 3 (W ) yielded a non-linear associative algebra, denoted since then by W 3 . It is well-known that
is the generator of conformal transformations (or, equivalently, of diffeomorphisms of the circle). But, what is the geometrical significance, if any, of the transformation generated by
Soon after Zamolodchikov's paper, Fateev and Lukyanov [3] recognized that the second hamiltonian structure of the Boussinesque hierarchy (the Gel'fand-Dickey algebra associated to the Boussinesque operator) is a classical realisation of the W 3 -algebra. Then they were able, using the formalism of Drinfel'd and Sokolov [4] , to generalise the results of Zamolodchikov to construct W n -algebras; i.e., extended conformal algebras with fields of integer spins from 3 to n. Of course, from the geometrical point of view this development was not of much help: it only seemed to complicate matters even further opening the question of what is the geometrical meaning of all these new W ntransformations. Nevertheless, it was a crucial development from the point of view of the algebraic theory, putting at our disposal all the powerful machinery of integrable systems of the KdV-type. (For a comprehensive review see [5] .)
Recently, we became interested in the problem of looking for simpler algebraic structures that would still retain the essential features of W-algebras. In [6] it was proven that it is possible to define a classical limit of the Gel'fandDickey algebras and their reductions; thus providing a natural simplification. These are nonlinear extensions of diff(S 1 ) by tensors {u j } of weights 3, 4, · · · , n. The name classical W-algebras is justified in the sense that upon quantisation the full structure of the W-algebra is recovered. We would also like to stress that these classical W-algebras are of great interest in their own right. For example, they play a fundamental rôle in the context of planar 2−D gravity [7] , as well as in 2−D topological field theory [8] .
The simplifications introduced by the classical limit notwithstanding, it remains to elucidate the geometrical meaning of the w-morphisms generated, under Poisson bracket, by
We will see in what follows that w-morphisms can be interpreted as deformations of constant-energy surfaces in a two-dimensional phase-space induced by infinitesimal canonical transformations.
But before getting into the details we would like to remark that this result has been inspired by the relation found by Radul [9] between the algebra of differential operators on the circle and the Gel'fand-Dickey algebras; although our presentation will not make this explicit.
Geometric Setup
Consider a two-dimensional phase space M and a smooth function H on M, which to fix ideas we can think of as a hamiltonian. Let λ be a (regular) value of H, so that the constant energy (one-dimensional) surface
Then Z is the zero locus of L and L generates the ideal I Z of functions vanishing on Z. This ideal consists of functions F L, where F is any smooth function on M. It is clear that such functions vanish on Z and it can be proven that these are all the functions which do. Any function on Z extends to a function on all of M and the difference of any two such extensions is a function vanishing on Z. In other words, there is a one-to-one correspondence between the functions F (Z) on Z and the quotient F (M)/I Z . We let π : F (M) → F (M)/I Z denote the map which sends a function on M to its equivalence class modulo I Z . In the next section, and for the class of functions we shall consider, we exhibit an explicit model for this quotient.
We now investigate the effect of canonical transformations (symplectomorphisms) on the constant energy surface Z. We can analyze deformations of Z by looking at how the function L behaves on Z under symplectomorphisms.
Infinitesimal symplectomorphisms are locally generated by functions on M. In fact, given a function S on M, it gives rise to a vector field δ S defined such that acting on a function F ,
If S vanishes on Z, then δ S is tangent to Z. In fact, such an S can be written as GL and hence
which vanishes on Z. (Physically this is nothing but energy conservation.) Therefore infinitesimal symplectomorphisms generated by functions in I Z do not change Z. In other words, nontrivial deformations of Z induced from symplectomorphisms are locally generated by F (M)/I Z . Therefore, on Z, the function L transforms as
For a specific choice of hamiltonian, we will now see that (6) defines wmorphisms associated to the classical W-algebras: gd n and its reduction w n .
Classical W-Transformations
To fix the ideas, we now specialize to M = S 1 × R a cylinder. 2 In other words, M is the phase space whose configuration space is a circle. A coordinate system q for the circle gives rise to a coordinate system (q, p) for M in such a way that {p , q} = 1. Moreover any other coordinate system Q on the circle is related to q by a diffeomorphism, and the associated coordinate system (Q, P ) is related to (q, p) by a canonical transformation. Explicitly, if q → Q(q), then p → P = p/Q ′ , where Q ′ = dQ dq . This preserves the fundamental one-form θ = pdq = P dQ and hence the symplectic form ω = dθ whence the Poisson brackets.
As our function L we choose one of the form L(q, p) = p n + n i=1 u i (q)p n−i , where u i are arbitrary functions. Under a change of coordinates (q, p) → (Q, P ),
where U i and u i are related by
Since q → Q(q) is a diffeomorphism, Q ′ is nowhere vanishing, hence the submanifold Z which is defined as the zero locus of L in the coordinates (q, p) is defined, in the coordinates (Q, P ), as the zero locus of the function P n + n i=1 U i (Q)P n−i , which has the same form. Thus these constant-energy surfaces have an invariant geometric meaning.
In order to have an algebraic handle on the situation, we will work with functions whose dependence on p is polynomial. Under a change of coordinates (q, p) → (Q, P ), polynomials in p go over to polynomials in P . Let E denote the subring of these functions. Notice that L belongs to E. We let J Z denote the ideal of E generated by L. Since p n = L − n i=1 u i (q)p n−i , we notice that modulo J Z we can always reduce any function in E to one with at most n − 1 powers of p. In other words, E/J Z is in one-to-one correspondence with the functions of the form n−1 i=0 f i (q)p i . We now give an explicit expression for this representative. For this we will have to introduce L −1 (r) -polynomial functions in p and p −1 and which correspond to finite truncations of the formal inverse of L. Explicitly,
and
Given any polynomial function F in p and p −1 we denote by F + the part polynomial in p and
Proposition. Any element R of E of order r is equivalent modulo J Z to a unique polynomial of order at most n − 1 given by
Proof: It is obvious that π L (R) is polynomial in p of order smaller than n and, moreover, π L (R) − R ∈ J Z . Uniqueness follows because the order of any function in J Z is equal or bigger than n.
This provides us with a concrete model for the equivalence space E/J Znamely the space E <n of functions polynomial in p with order strictly less than n. In the sequel, and in order not to clutter the notation, we will write L −1 in (11) to mean the appropriate truncation L −1 (r)
.
We now have at our disposal all the ingredients to establish the link between the algebraic w-morphisms alluded to in the introduction and the deformation of constant-energy surfaces. To this effect, we compute (6) 
it is natural to reparametrize w-morphisms by
with π L (S) = (XL) + . We can then write (6) as follows
which as shown in [6] is the classical limit of the Adler map or, equivalently, of the Gel'fand-Dickey brackets-namely gd n . This establishes the equivalence between the algebraic and geometric approaches to w-morphisms.
In order to obtain now the classical limit w n of the W n algebras, we need to restrict ourselves to functions L of the form
One can always achieve this by a symplectomorphism of the form
which puts the coefficient of p n−1 to zero. Notice moreover that, under coordinate changes induced from diffeomorphisms of the circle, this form of L is preserved. It then follows that if we restrict ourselves to infinitesimal symplectomorphisms which preserve the constraint, (14) define w-morphisms associated with w n [6] .
Finally, if we restrict to functions L which are odd or even under the transformation p → −p, and we again only consider symplectomorphism preserving such property, (14) will induce w-morphisms associated with the wB or wC series, respectively.
A Simple Example: w 3 .
Consider now, as an example, the function
The associated classical W-algebra is the w 3 -algebra:
which corrects a typographical error in [6] .
The algebraic w-morphisms generated by T and W under the above algebra are given by the usual formulas 
With them we can compute the effect of w-morphisms on the generators themselves. We obtain
We now compute the deformation of the constant-energy surface Z defined by L using the geometric procedure introduced earlier. The most general infinitesimal symplectomorphism which yields a nontrivial deformation of Z is generated by functions of the form π L (S) = αp 2 + ǫp + β .
Demanding that the symplectomorphism preserve the form (17) of L requires that β = 2 3 αT . We can now compute (6) yielding
with the variations given by (21).
